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Abstract: In this paper, pedal-like curves are defined resulting from the orthogonal projection of 
a fixed point on the alternative frame vectors of a given regular curve. For each pedal curve, the 
Frenet vectors, the curvature and the torsion functions are found to provide the common relations 
among the main curve and its pedal curves. Then, Smarandache curves are defined by using the 
alternative frame vectors of each pedal curve as position vectors. The relations of the Frenet apparatus 
are also established for the pedal curves and their corresponding Smarandache curves. Finally, the 
expressions of the alternative frame apparatus of each Smarandache curves are given in terms of the 
alternative frame elements of the pedal curves. Thus, a set of new symmetric curves are introduced 
that contribute to the vast curve family. 


Keywords: pedal curve; alternative frame; Smarandache curve 


1. Introduction 


Curves are natural figures that always exist in nature. Scientists have formulated 
these figures, examined their characteristics and obtained some theories. Curve theory has 
been one of the fields of study that best represents differential geometry and makes it most 
interesting. More information and theory can be obtained when an orthonormal system is 
established on a curve. Following such an orthonormal system, the curvatures which are 
the invariants of a curve can be established. Thus, one can characterize a given curve by 
these invariants. For example, if the second curvature (torsion) of a curve is zero, then the 
curve is a planar curve; if the torsion is different from zero, then the curve is a space curve. 
If the harmonic curvature, which is the ratio of the torsion to curvature, is constant, then 
the curve is a general helix. If the curvature is a constant and the torsion is a function, the 
curve is a Salkowski curve [1,2]. 

Another useful aspect of curve theory is to associate some curves to each other. Any 
two curves can be related to one another by some specific and symmetrical methods. 
Such methods of symmetry are based on translations, scaling, rotations and reflections. 
For example, a Bertrand pair has common principal normal vectors, that is to say, the 
principal normal vector of a Bertrand curve is translated and its mate curve accepts this 
translated principal normal vector. As a consequence, the resulting Bertrand pair has the 
relation of scale symmetry (see Figure 1). Similarly, a Mannheim curve pair possesses such 
translational symmetry between the principal normal and binormal vectors, whereas a 
successor curve has the translational symmetry between the tangent vector and principal 
normal vector. However, the involute—evolute curves have a 90-degree rotary symmetry 
relation between their tangent vectors [3]. There are many studies on these curves; see [4] 
and the references therein. 
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Figure 1. A helix curve (purple) and its Bertrand mate (black). The principal normal vectors (green) 
have a translational symmetry, whereas the resulting pair of curves have a scale symmetry relation 
between them. To see the animated version of this figure, please visit https: / /www.geogebra.org/m/ 
ndjktahz, accessed on 9 July 2024. 


Further, generating new curves is an important matter for the theory of curves. Smaran- 
dache geometry is one way of creating new curves [5-7]. In addition, a pedal curve is 
another type of curve which is derived by a given specific curve and a fixed point. That is, a 
pedal (resp., contrapedal) curve is defined as the geometric location of the projection points 
on the tangent (resp., normal vector) of a curve from a point that is not on the curve. This 
way of deriving new curves is also considered as a symmetric procedure; see [3]. Many 
studies exist on these curves such as [8-10] and the references therein. Further, research on 
such curves has been carried out using different frames in many spaces, and similar works 
continue today [11-16]. 

In this study, pedal curves belonging to the alternative frame vectors of a space curve 
are defined, and their Frenet apparatus is calculated. Next, Smarandache curves are defined 
by taking alternative frame elements of each pedal curve as the position vectors. Finally, 
the corresponding alternative frame apparatus are obtained and expressed in terms of the 
main curve. In the following lines, we recall the basic concepts that we use throughout the 
paper. For a given differentiable curve a(f) : IC R— R?, the formulae of Frenet vector 
fields and curvature functions are defined as follows: 


a (a’ Aw") Aa! a’ Aa! 
T=,,, N=BAT= , B= / (1) 
"|| [Jar A ae!" Jar Aa" | 
‘A " d t e if Mr 
_ leat dettala al s 
"|| Ja A "| 
T’=vxN, N’'=v(-xT+TB), Bi =—vtN, (3) 
where || || is the norm, “A” is the vector product operator, and v = ||a’|| [10,17]. Frenet 


vectors make a rotational motion along the curve around an axis. This axis is called the 
Darboux rotational axis, and it is defined by the relation Wo = tT + «B. If the unit Darboux 
vector is denoted by W, then, for ¢ = <(B, Wo), we have the following equation. 


W = singT + cospB, (4) 


K T 
where cos# = ————— and sind = —————.. 
? V2 + 72 ? V «2 + T2 
plane, it is clear that N | W. Thus, a new orthonormal system on a curve can be established 
with the set of vectors {N, C= NAW, W}. The new moving frame is called the alterna- 


Since W is a vector lying in the rectifying 
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tive frame for the curve. We have the following relations among Frenet and alternative 
frame vectors. 


N=N, C =—cos¢@T +sin dB, W = sin fT + cos GB. (5) 


Further, similar to the Frenet formulae given in (3), we have the alternative formulae 
as follows: 
N’ = v0 BC, Ce v(—BN + g'W), W! = —29'C, (6) 


ffgP sere 
where ¢/ = (=) (* = ) and B= eV 


2. The Alternative N-Pedal Curve and Its Smarandache Curves 


In this section of the study, we first define the alternative N-pedal curve considering 
the principal normal vector of a given curve as an element of the alternative frame. Second, 
we find the Frenet apparatus of the alternative N-pedal curve and establish the relationship 
among the alternative frame vectors of both the main curve and its corresponding alterna- 
tive N-pedal curve. Then, we examine four possible Smarandache curves of the alternative 
N-pedal curve whose position vectors are the linear combinations of the alternative frame 
elements. We also support the results by giving an example and the graphs of the curves. 


Definition 1. Let «:1 Cc R > R* bea regular curve in E°, and {N, C, W} denote the set of its 
alternative frame vectors. Then, the locus of the perpendicular projection points of a fixed point P 
that is not on « onto the alternative frame vector N is called the alternative N-pedal curve for « 
according to P (see Figure 2). 


Figure 2. The alternative N-pedal curve (red) of the curve a(t) (blue) according to a fixed point P. 
Theorem 1. The equation of the alternative N-pedal curve of the curve « is given as follows: 
an(t) = a(t) + (P— a(t), N(t))N(t). (7) 


Proof. Let P’ be the perpendicular projection point onto the normal vector N from the 
fixed point P that is not on the curve a. By using the definition of vector projections, we 


—_ 
compute the perpendicular projection vector denoted by «P’ as follows: 


=, _ (ab, N) 


(a) 
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Thus, with the motion of the frame vectors along the curve, the geometric location of the 
point P’ constructs a new curve that is called the alternative N-pedal curve and denoted by 
an(t). Accordingly, we have the following equations: 


= P'=alt) + (NN 


= a(t) = a(t) + (P— a(t), N())N(P), 


by which the proof is completed. 


If specifically (P — a(t), N(t)) = u(t), then Relation (7) can clearly be simplified as 
follows: 
an(t) = a(t) + u(t)N(E). (8) 


Theorem 2. Let wy be the alternative N-pedal curve of a unit speed curve x, and {T,, Nj, Bi} 
denote the Frenet vectors of the alternative N-pedal curve. Then, we have the following relations: 


T, =wyu'N + w1(uvB — cos p)C + w 1 sin pW, 

Ny =B, ATh, 

By =n1(x3uvB — x3.cos y — Xp sin p)N + 41 (x1 sin g — u'x3)C 
+ 41 (u'x2 — xjuvB + x1 cos g)W, 


where 


x, =u" — v?B(uB — cos @), 


x2 =0(u'B — vg’ sing) + (uvB — vc0s 9) 


/ 
, 


/ 

x3 =v" g' (uB — cos ¢) + (vsing) 
1 

wy + (uvB — vcos gy)” + (vsing)” 


Wy = 


, 


1, 


m= 


i (xgu0B — x30 cos p — xvsin g)* + (xyvsin g — u'x3)? + (u!x2 — x,uvB + x10 C08 ¢)* 


Proof. By considering the relations in (5), we have the derivatives up to the third degree 
for Relation (8) as follows: 


ay =u'N +v(uB —cos g)C + vsin pW, 

wh, =XyN +x2C+2x3W, (9) 
ay = (x4 — x20B)N + (xp + x1 0B — x30Q")C + (x2vg" + x3)W. 

Further, if we perform the required vector product operations and take the norms, the 
following relations are obtained: 


ay \ Why =(uxgvB — x2vsin g — x30 cos p)N + (x,vsin gy — x3u')C 


+ (x2u' — uxyvB + x\vc0s g)W, 
det (ay, aN, any) =(—x20sin g + ux3vB — x30 c0s ~) (x, — x2vB) (10) 
+ (x1 sin g — u'x3) (x0B + xy — x309") 
+ (x Qu’ — uxyvB + xv c0s ~) (x2vq' + x4), 
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[ody || <u? + 02 + o2uB up — cos 9), 


(11) 


+(u!x — x,uvB + xv c0s 9)” 


' n) | (ux30B — xgvsin g — x30 cos g)” + (xv sin g — x30’)? 
lla Aan] = 


If Equations (9)-(11) are substituted in (1), the proof is completed. 


Theorem 3. Let ay be the alternative N-pedal curve of the unit speed curve x, and x, and % 
denote its curvature and torsion functions, respectively. Then, we have the following relations 
among the curvatures: 


\ (xsu0B — x3 cos p — x7 sin 9g) + (x, sing u!x3)" + (u!x2 — x,uvB + x1 cos 9) 
Ky = , 
(w? + v2 + v2uB(up — cos 9) wu? + v2 + v2uB(up — cos @) 


(—x2v sin g + ux3vB — x30 0s ) (x, — x20B) + (x1 sin g — u'x3) (x, 0B + x5 — x309') 
_ +(x2u! — ux, 0B + x10 008 @) (x29! + x4) 


(ux30B — x2v sin p — x30 cos g)” + (xv sing — x3u')? + (u'x2 — xuvB + xv cos g)* 


Proof. We substitute the relations given in (10) and (11) in (2) and complete the proof. O 


Remark 1. The alternative frame for the alternative N-pedal curve ay is established by the following 
equations: 


Ny = Ni, C, = —cosdT, + sindBj, W, = sin dT, + cos 0By, (12) 
where 0 = £(B,,W}), cosa ail and sind a 
— 1, 1), il! — et 
(ete (ai + 1? 


Corollary 1. The alternative frame formulae for the alternative N-pedal curve is given as follows: 


Ny = #4 B1C1, Cy = —p1 Bi Ny + 110'Wy, Wy! = —7n0'Ci, (13) 


1/.2 2 —— 

gl Sl f ae 

a’ = = : 

, (2) ( eG ) Bi = 14 KET 


Definition 2. The N1C; Smarandache curve of the alternative N-pedal curve whose position vector 
is the linear combination of the two vectors N, and C is defined by the following parametrization: 


where py = |a'y 


Ni +Cy 
ay= V2 . 


Theorem 4. Let {Nq,, Ca,, Wa, } denote the alternative frame for the NjC, Smarandache curve. 
Then, we have the following relations among the Frenet vectors: 


(14) 


_ V¥2(—BiNi + BiCi + 9'W1) 
263 +8” 
Ne Shag hte, 
a (x6B1 — x50')Ny + (x61 + x40')Cy — (Bix4 + Pixs) Wi 
Vl (xobr x50!)? + (x6B1 + x40’)” + (Bi x4 + Pixs)” 


Ty 


1 y 


(H1B1) + HABT (61)! ~ (FE +2”) ee = 8)! + HGP 
ae 2 _ /2 


where x4 = 
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Proof. If Relation (13) is taken into account, and the required derivatives for the NC, 
curve given in (14) are taken, we have 


, — —P1 Bi Ny + p1B1Ci + 410/W 
ay fs 
V2 


15 
ay =x4Ny + x5C, + x6W1, a 
a = (a, _ x511B1) Ni a (x5 + Xap1 1 = xX6H10') Cy + (x6 + X50!) Wy. 
Moreover, if the vector products, determinants and norms are taken, we obtain: 
a /\ ay = ( (Hob = x50’) Ny + (x6B1 + x40!) Cy a Bi (x4 + x5)W1), 
7 (x4 — x541B1) (x6B1 — x50") (16) 
det (a, a7, 04") “AB + (x5 + Xay1B1 — 6119") (X6B1 + X40") |, 
— By (x4 + x5) (x6 + 51410") 
and 
ry Fl 2 2 
lei | = 25/263 +2 
(17) 


[lar A 0 =F 6 x50!)” + (x6B1 + x40’)? + (x4B1 + X5B1)° - 


Finally, by substituting Relations (15)-(17) into (1), we complete the proof. 


Theorem 5. Let Ky, and Ty, be the curvature and the torsion functions for the NjC, Smarandache 
curve, respectively. Then, we have the following relations among the curvatures: 


2y/ (xb — x50")” + (x6B1 + x40") + (Bixa + Bixs)” 


Ky, = es , 
y2 (263 +07) \/2p% +0” 
(x4 — 541 B1) (xoB1 — x50") + (x5 + Xapt1B1 — X60") (X6B1 + x40") 
v3( Bu(a + x5) (x6 + X5[410") ° ) 
11 ( (xB x50')* + (x6B1 + x40")? + (Bix4 4 Bixs)°) 


Proof. By using (16) and (17) and substituting them into (2), we complete the proof. 


Remark 2. The alternative frame for the NC, Smarandache curve « is established by the following 
equations: 


Na, = Nay, Cy, = — cos 01Tx, + sin 01B a, Wa, = sin O1Ty, + cos 01Ba,, 


Kay Toy 


where 01 = £(By,,Wa,), COSA, = , and sind, = 


Vee +t Ve +t 
Definition 3. The NjW, Smarandache curve of the alternative N-pedal curve whose position vector 


is the linear combination of the two vectors Ny and Wy is defined by the following parametrization: 


ais 
a 


Theorem 6. Let {Ny,, Cay, Wa, } denote the alternative frame for the NyW, Smarandache curve. 
Then, we have the following relations among the Frenet vectors: 


a2 (18) 
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T. =C ae —ByN, + a’W, B.. = d’N, + BiW, 
ag — Ly a2 = OO 
a? +B [a + B 


where 0! and By are as given in Corollary 1. 


Proof. If Relation (13) is taken into account, and the required derivatives for the Ny W, 
curve given in (18) are taken, we have 


! fA (Br = a )Cy 


Xo V2 ; 
ql = — {Bi (B — 8") Ny + (14181 — #19')'Ci + p30" (Bi — 8')Wy 
2 Zz / 
( (3B: (B1 —0'))' + w1Bi (14 Bi — 19')') Ny (19) 


+(( Br — 119')" — 3 (Bi — 8) G - (a1’)”) ) C1 
“if + ((139"(B1 —0'))" + 19! (Ba — 119')') Wi 
oS = ap 


In addition, if the vector products, determinants and norms are taken, we obtain: 


wb, Nal = #1 (Bi = 8)°Ni + H3B1(Bi ~ 8)" 
2 y 
_13(B1 — 2')° (B18 — 2'B") 
2/2 ‘ 


(20) 


det (a4, a3, a3") 


and | ) 
L 9 
agi) <O. 


(21) 
) (na Pato? + 
| 


Finally, by substituting Relations (19)—(21) into (1), we complete the proof. 


Jay A org 


Theorem 7. Let ky, and Ty, be the curvature and the torsion functions for the NyW, Smarandache 
curve, respectively. Then, we have the following relations among the curvatures: 


_ v2y/0? +B} _ — _¥2(B19" = 61) 
oF (19°) (9? +63) 


Ky 


Proof. By using (20) and (21) and substituting them into (2), we complete the proof. 


Remark 3. The alternative frame for the NyW, Smarandache curve «2 is established by the 
following equations: 
Nay = Nay, Cay = — COS 02Ty, + in 02By,, Wa, = Sind2Ty, + COs 02Byy 


Tu 


where 0 = £ (Bay, Wa, ), COS 09 = — and sin 0 iy 
Vi + 


2 2 
VR, + Ta 
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Definition 4. The CjW, Smarandache curve of the alternative N-pedal curve whose position vector 
is the linear combination of the two vectors Cy and W, is defined by the following parametrization: 


ae tama 
a 


Theorem 8. Let {Ng3, Cuz, Wa } denote the alternative frame for the CjW; Smarandache curve. 
Then, we have the following relations among the Frenet vectors: 


x3 (22) 


_ —BiN, —0'C, + 0'W, 

Nag =Ba A Tes: 

(0’x9 + d’xg)N, + (Bix9 + 0'x7)Cy + (0/x7 — Bixg)Wy 
V (a!xs + 8'xg)” + (Bix + O’x7)° + (0'x7 — Bixs)” 


ty 


By, =— 


3 


y 


! 2 2 2 
#59" B1 — (181) “= (ae) 13 ( 63 +o ) ig = (w10')' — ja? 
v2 ’ J2 V2 ; 


Proof. If Relation (13) is taken into account, and the required derivatives for the C;Wj 
curve given in (22) are taken, we have 


where x7 


1» —P1Bi Ny — 0'Cy + pr 0'Wy 
X3 y 
J2 


23 
a3 =xX7Ny + xgC) + xoW, es 
or" =(x5 _— XgH1B1) Ny + (xg + x71 1 _— XoH10') Cy + (x9 + XgH10') Wy. 

In addition, if the vector products, determinants and norms are taken, we obtain: 
1, —Ha(—(0'x9 + 0'xg)Ni + (Bix9 + 0'x7)Ci + (0x7 — Bixg)W1) 
W3 \ &3 ; 
v2 (24) 
det(a’s, af, ay") -4( (0'x7 — Bixg) (xg + Xgp10') — (O'x9 + O'xg) (x7 — xgH1B1) ) 
late J2\ +(Bix9 + o'x7) (xg + X71B1 — X91") , 
and ee 
HA 

|| 2° SA +29”, 

(25) 


las A || EV G's + O'xg)” + (Bix9 + O/x7)° + (8'x7 — Bixs)” « 


Finally, by substituting Relations (23)—(25) into (1), we complete the proof. 


Theorem 9. Let ky, and Ty, be the curvature and the torsion functions for the C,W, Smarandache 
curve, respectively. Then, we have the following relations among the curvatures: 


24] (a'x9 + xg)? + (Bix9 + O/x7)* + (A’x7 — Pixs)” 


Kaz = , 
13 (6% + 20”) 1/63 +20? 
v2( (0x7 — B1x8)(X9 + x8H110") — (0'x9 + O'xg) (x7 — x8¥1B1) ) 
+(Bix9 + O'x7) (xg + X7}1B1 — X9H10") 
1 ((8’x9 + A! xg)* + (Bix9 + x7)” + (x7 — Bixs)”) 


Ta3 = 
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Proof. By using (24) and (25) and substituting them into (2), we complete the proof. 


Remark 4. The alternative frame for the C;W, Smarandache curve «3 is established by the following 
equations: 


Naz = Naz, Cx; = — COS 03Ty, + Sin 03By,, W,, = sin d3T,, + cos 03By, 


K G 
S| and sind3 = = 


where 03 — 4 (Baz, Was), cos 03 = i 
/ ee J Ka a7 on 


Definition 5. The NyC,W; Smarandache curve of the alternative N-pedal curve whose posi- 
tion vector is the linear combination of the vectors Ny, Cy and W, is defined by the following 


parametrization: 
2 Ni +C,+W, 


V3 


Theorem 10. Let {Ny,, Cay, Wa, } denote the alternative frame for the NyC,W, Smarandache 
curve. Then, we have the following relations among the Frenet vectors: 


X4 (26) 


BN, + (Bi — 0')C, + 0'W, 
V24/ Bt — Bid! + 
Nay =Bay A Tog, 
_ —(%110! — X12(B1 — 0')) Ny + (x100" + 128 1)C1 — (%11B1 + X10(B1 — 0’) Wi 


Ty, = 


4 


Bas 
VGn8" = x2(1 d))? + (x00! + x42B1)? + (x11B1 + X10(B1 — 9’))? 

‘+13 —d! (11 (Br — 2)’ — 93 (3 + (a1')” 
where X19 we Tee a} ae = HI\P1 a6 (ar)’)_ 
veep = (en')’ + 19" (Bi = 2") 

12 3 


Proof. If Relation (13) is taken into account, and the required derivatives for the NyC,W, 
curve given in (22) are taken, we have 


! _ pl BiN, + (Bi a')C; 4 a'W) 
X4 Bs , 
wy =x19Ny + %41Cy + 412W4, 
wy! = (X10 — X11 B1)Na + (X11 + X10¢1 Ba — X124410") Cy + (X12 + 11210") Wi. 


(27) 


In addition, if the vector products, determinants and norms are taken, we obtain: 


( (x10! — x12(B1 — 0’)) Ni + (x100' + X12B1)C1 ) 
i (x11B1 + x10(B1 — 0))W4 
ve (28) 
iis — (x10! — x42(B1 — 9)) (x10 — X11 411) 
det (ay, a4, 04") aa + (x190" + x12B1) (X11 + X10/1B1 — X121410') |, 
(x41B1 + X10(B1 — 0")) (x12 + X117410") 


CA = 


and 
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/6 ——— 
os | = 6 - Bia’ +82, 


rr yit|| — HL | (x110" — x12(Br a!) + (x10! + x1261)° 
[Jaa A a4 | — 


(29) 


+(x11B1 + x10(B1 — 9))? 


Finally, by substituting Relations (27)-(29) into (1), we complete the proof. 


Theorem 11. Let k,, and T,, be the curvature and the torsion functions for the NjC,W, Smaran- 
dache curve, respectively. Then, we have the following relations among the curvatures: 


_ 3v2 v (x11! — x12(B1 — 8!))” + (x108" + 1281)” + (1181 + x10(B1 — 8)” 


Kay —SSSSSS , 
4 fe (B3 — Bio! + a”) 8 — Bio’ + a’? 
— (x10! — x42(B1 — 9’)) (X10 — X11 74181) 
V3) +(x100" + X12B1) (X11 + X10f1 B1 — 12/410") 
—s —(x11B1 + X10(B1 — 9’)) (x12 + 11110’) 
a4 


14 ((xna! — x19(B1 — 0")? + (x100/ + x1281)* + (x11 B1 + X10(B1 — a’))*) : 


Proof. By using (28) and (29) and substituting them into (2), we complete the proof. 


Remark 5. The alternative frame for the NyC,W, Smarandache curve wg is established by the 
following equations: 


Nay = Nag, Cy, = — cos 04T,, + sin d4Bu,, Wa, = sin d4T,, + cos 04By, 


Kyy Toy 


—————e and sin 04 ts 
2 2 2 2 
[e + Twy [e + Thy 


Example 1. Let us consider the polynomial general helix curve parameterized as ((t) = (6s,3s”,s°). 
The alternative frame vectors and their corresponding pedal curves according to the point P = 
(1,1,1) are given as follows: 


where 04 = £(By,,Wa,), COSO4 = 


n aos —s? +2, 2s) ee (s* — 2, —4s, —s? vay w = (10/1) 
are V2(s? +2) v2 

N= Pea ay= (st + 3s? + 6, 2s? (s* + 4s? + 12),59(s* + 657 + 16)) 
(s2 +2)? ’ 

C— Pedal => aig —LS(S° + 14st + 52s? + 24), 252(s4 + 4s? — 12),3(3° + 65% + 45? + 24) 

2(s? +2)? ; 

W — Pedal aw = (4s (5° er 6), s? (3s! + 16s? + 12), 8° (s? ag 4)) . 

(s? +2) 


In Figure 3, the four of the Smarandache curves of the alternative N-pedal curve according 
to the point P(1,1,1) are illustrated. 
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(c) (d) 


Figure 3. Smarandache curves (black) of the alternative N-pedal curve (red) of the curve ¢(t) (blue) 
according to the fixed point P(1,1,1) where t € [—0.5,0.5]. (a) NC, Smarandache curve; (b) N,W,- 
Smarandache curve; (c) CW; Smarandache curve; (d) NyC;W, Smarandache curve. 


3. The Alternative C-Pedal Curve and Its Smarandache Curves 


Similar to the previous section, first, the alternative C-pedal curve resulting from the 
orthogonal projections of the alternative frame vector C of a given curve according to a 
fixed point P is defined. Second, we provide the Frenet apparatus of the alternative C-pedal 
curve and identify the relations among the alternative frame vectors of both the main curve 
and its corresponding alternative C-pedal curve. Then, we examine four new possible 
Smarandache curves of the alternative C-pedal curve where the position vectors are taken 
as the linear combinations of the alternative frame elements. We provide Example 1 and 
the graphs of these curves. 


Definition 6. Let « : 1 C R > R® bea regular curve in E° and {N, C, W} denote the set of its 
alternative frame vectors. Then, the locus of the perpendicular projection points of a fixed point 
P that is not on « onto the alternative frame vector C is called the alternative C-pedal curve for « 
according to P (Figure 4). 
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Figure 4. The alternative C-pedal curve (red) of the curve a(t) (blue) according to a fixed point P. 


Theorem 12. The equation of the alternative C-pedal curve of the curve a is given as follows: 


a(t) + (P — a(t), C(t))C(E). (30) 


ac(t) = 


Proof. Let P’ be the perpendicular projection point onto the vector C from the fixed point 
P that is not on the curve «. By using the definition of vector projections, we compute the 


perpendicular projection vector denoted by «P’ as follows: 
=,_ (a2) 
aP f = Ge 
Thus, with the motion of the frame vectors along the curve, the geometric location of point 
P’ constructs a new curve that is called the alternative C-pedal curve and denoted by w(t). 


Accordingly, we have the following equations. 


= P= a(t) + (ab, C isi 


= c(t) = a(t) + (P- 


by which the proof is completed. 
x(t), then Relation (30) can be expressed as follows: 


If (P — a(t), C(t)) = 
(31) 


ac(t) = a(t) + x(#)C(E). 


Theorem 13. Let wc be the alternative C-pedal curve of a unit speed curve x, and {Tz, Nz, Bo} 
denote the Frenet vectors of the alternative C-pedal curve. Then, we have the following relations: 


To = — woxBN + w2(x/ — vcos g)C + wn (vxg' + vsing)W 
No =Bo A To 
By =N2(y3(x' — vcos p) — y2(vxg" + vsin p))N + 92 (y3xB + yi (ox! + vsin g))C 


— n2(yoxB + yi(x' — vcos p))W 
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where 


yi =- B(x +0x" —v" cos 9), y2 = x' — vcos g — xu’ — v*@' (xg +sing), 
y3 =09' (x' — vcos @) +0(xg' +sing), 


w= 1 , 
V(xB)? (qt = eos 9g) + (vxg! +vsin 9) 
1 
12> ; ; = 
(ys(x' — 0 cos g) — yo(oxy eas 9) + (ysxB + yi(oxg! + vsin 9)) 
+ (yoxB + yi(x’ — voos ¢)) 


Proof. By considering the relations in (5), we have the derivatives up to the third degree 
for Relation (31) as follows: 


we =— XBN + (x'— vos g)C + (oxg' + vsing)W, 
we =yiN + y2C + y3W, a 
all! =(yt — vy2B)N + (yh +108 — ysvg")C + (y4 + y2v9")W. 


Further, if we perform the required vector product operations and take the norms, the 
following relations are obtained: 


ac Nae =(¥3(x/ — vcos p) — y2(vxg! + vsing))N + (ysxB + y1 (vx! + vsin g))C 
(voxB + y1(x' — vcos ))W, 
det(a¢,a¢,a¢') =(y3(x' — vcos 9) — yo (vx! + vsin g)) (y — vy2B) (33) 
+ (y3xB + (oxo + vsin g)) (yo + ¥10B — y309") 
(yoxB + y1(x' — vcs 9)) (ys + y209’) 


llec| = (xB! +(x’ —vcos 9)” + (vxg! + vsing)’, 


34 
ats A a” = (ya(x/ — vos 9) — ya(oxg! + vsin g))? + (ysxB-+yi(oxg! tosing))? OY) 


+(y2xB + y1(x! — v00s g))” 


If Equations (32)-(34) are substituted in (1), the proof is completed. 


Theorem 14. Let ac be the alternative C-pedal curve of the unit speed curve a, and Kz and T 
denote its curvature and torsion functions, respectively. Then, we have the following relations 
among the curvatures: 


i (y3(x' — cos @) — y2(vxg" + vsin g))” + (ysxB + y1(oxg! + vsin g))” 


+ (y2xB + yi(x! — vos @)) 
kg = 3 id 


((xp)? +(x’ — vcos 9) + (vxg! +vsin 9)) - 
(y3(x' — vcos p) — y2(vxg! + vsin g)) (y, — 726) 
+(y3xB + yi(oxg! + vsin @)) (yb + y10B — y309") 
oem —(y2xB + yi(x’ — vcos p))(¥3 + ¥209") 
)? + (ysxB + yi(oxg! + vsin ))” 


(ys(x' — vcos g) — yaloxg! + vsin ¢) 
+ (yoxB + y1(x' — 00s )) 


Proof. We substitute the relations given in (33) and (34) in (2) and complete the proof. O 
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Remark 6. The alternative frame for the alternative C-pedal curve &c is established by the following 
equations: 


Ny = No, Co = —cosAT> + sin ABo, W, = sin AT> + cos ABo, (35) 
K2 : T2 
where A = £(Bz,W 2), cosA = —— —, and sinA = ———. 
(ote (ote 


Corollary 2. The alternative frame formulae for the alternative C-pedal curve is given as follows: 


N5 = H2B2Co, C’> = —H2BoN2 + p2A'Wo, Wo! = —p2A'Co, (36) 


ee 
1_(T Ko + 3 = 2,22 
a= (2) (898) ao mlied 


Definition 7. The N2C2 Smarandache curve of the alternative C-pedal curve whose position vector 
is the linear combination of the two vectors Nz and Cp is defined by the following parametrization: 


where pz = ||ac 


_~MtG 
a : 


Theorem 15. Let {N5,, Cs,, W5, } denote the alternative frame for the NyC2 Smarandache curve. 
Then, we have the following relations among the Frenet vectors: 


by 


(37) 


V2(—B2N2 + B2Co + A'W2) 

Ns, =Bs, ATs, 

_ (YoB1 — ysA')No + (YoB2 + y4A')Co — (Boys + Boys) We 
obi — 5A? + (Yoo + ys")? + (Baya + Boys)? 


Ts, = 


ad 


Bs, 


! 2 22 2 
(voBa)! +1363 _ (W282) -13(B3 +A") (upd)! + 1B BoA! 
V2 , Y5 J2 , Y6 V2 . 
Proof. If Relation (36) is taken into account, and the required derivatives for the NC) 
curve given in (37) are taken, we have 


where y4 = 


_ —H2B2No + pob2C2 + H2A’We 
B j 
64 =y4Nz + ysCz + yoW2, 
61 =(y4 — Ysv2B2)No + (ys + YaH2B2 — YoH2A') Co + (ye + ysH24') Wo, 


6 


(38) 


Moreover, if the vector products, determinants and norms are taken, we obtain: 


5A bY =" 2 ((y6Bo — ysA’)No + (yoBo + ya’) Co — Bo(ys + ¥s)W2), 


5 
bah ae (y, — ¥52B2) (YoB2 — ys’) (39) 
det (54,67,6""1) =p +(¥5 + YaH2B2 — YoH2A’)(YoB2t+y4d’) |, 
—Bo(ys +5) (Ye + ¥sH24") 
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and 
let =e 28 + 0", 
| 4 57 =5 V obs ys)” + (yoB1 + ya’)? + (Boys + Boys)” - 
Finally, by substituting Relations (38)-(40) into (1), we complete the proof. 


(40) 


Theorem 16. Let x5, and T;, be the curvature and the torsion functions for the NaC Smarandache 
curve, respectively. Then, we have the following relations among the curvatures: 


_ 24) WeBo ysA')” + (yoBi + y4A’)” + (Boys + Boys)” 


2 (263 + 077) \/263 + a? , 


v2( (y, — ¥512B2) (YoB2 — ys’) + (ys + yav2B2 — You2A’) (YoB2 + ys’) ) 
—Ba(ya + Ys) (Yo + Y5H24") 


1) ((yoBo — ys!) + (yoBi + ys’)? + (Boys + Boys)°) 


K6 


Ty = 


Proof. By using (39) and (40) and substituting them into (2), we complete the proof. 


Remark 7. The alternative frame for the NoC2 Smarandache curve 6, is established by the following 
equations: 


N5, = Noe C5, = — cos AxT5, + sin A1B5,, Ws, = sin AyT5, + cos A1B5,, 
Ks T, 
where A, = £(B5,,W5,), cos Ay = = and sin Ay = ee 
Vs ale TS Vs + TS, 


Definition 8. The N2W2 Smarandache curve of the alternative C-pedal curve whose position vector 
is the linear combination of the two vectors Nz and W2 is defined by the following parametrization: 


7 Nz + Wo 
= 


Theorem 17. Let {N;,, C5,, W5, } denote the alternative frame for the NyW2 Smarandache curve. 
Then, we have the following relations among the Frenet vectors: 


59 (41) 


—B2N2 + AW By = A’N> + BW 
y 2, = ——S[ 
or ann oT: 


Proof. If Relation (36) is taken into account, and the required derivatives for the N2W2 
curve given in (41) are taken, we have 


yt —H2(B2 — A) Co 
, —HalP2— 4 )f2 


Ts, =Co, Ny = 


B ; 
si! = — p15 B2(B2 — A')No + (H2(B2 — A’))'C2 + 5A" (B2 — A") We 
2 , 
J2 
— ( (u3B2(B2 — A’))! + 2B 2( (#282 — 2A'))') No va 
+( ((HoB2— p2d"))" — 13 (63 + 4”) (Bo — A')) Co 
5" + (2A! (H2(B2 — A’))' + (u5A' (Bo — A’))')Wo 
= 


V2 
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Moreover, if the vector products, determinants and norms are taken, we obtain: 
2 2 
ohn Ol _ BA" (Ba _ A’) Nz + 115 B2(Bo > A’) Wo 
ia ‘ 43 
5 _ Al 3 A" — AB! (43) 
det (6 jl 5) _ 43 (Pe ) (B2 By) 
20 742 2/2 , 
and : 
! _ H2(B2 —A ) 
(3 | == —, 
v2 ——— 44 
(B2— A ya? + BB = 
anal] == 


Finally, by substituting Relations (42)—(44) into (1), we complete the proof. 


Theorem 18. Let x5, and 75, be the curvature and the torsion functions for the NyW2 Smarandache 
curve, respectively. Then, we have the following relations among the curvatures: 


_ vaya? + 83 —__V2(BoA" — A'B)) 
Xba —A’ ’ "2 ! 12 2\" 
Bo y2(B2 — A")(A + B3) 


Proof. By using (43) and (44) and substituting them into (2), we complete the proof. 


Remark 8. The alternative frame for the N2W 2 Smarandache curve 69 is established by the following 
equations: 
N5, = N55, Cs, = — cos AoT5, + sin A2B5,, W5, = sin AoT;, + COS A2B5,, 


2 


where Ay = £(B5,,W5,), cos Ag = a and sin Ay = a 


2 2 2 2 
J Ke oes, J Ks, + T5, 


Definition 9. The C2W2 Smarandache curve of the alternative C-pedal curve whose position vector 
is the linear combination of the two vectors Cy and Wy is defined by the following parametrization: 


— Cot We 
a 


Theorem 19. Let {N5,, C5,, W5,} denote the alternative frame for the CyW 2 Smarandache curve. 
Then, we have the following relations among the Frenet vectors: 


63 (45) 


B2N2 — A'C) + A'W 

N5, =B5, \ T5,, 

i — (A’yo + A’ys) No + (Bayo + A’y7)Co + (A’y7 — Boys) Wa 
("ys + A’yg)* + (Bayo + A’y7)? + (A’y7 — Boys)” 


i= 


3 


2 
2A/ = / (u2A')' + us BS + A! A! i 2/2 
ee! Bo — (#22) . 3( 2 ) ne (H2A') — AT 


v2 v2 


Symmetry 2024, 16, 1012 


17 of 28 


Proof. If Relation (36) is taken into account, and the required derivatives for the C,W2 
curve given in (45) are taken, we have 


_ —p2B2N2 — p2A'C2 + W2A!Wo 


é 
v2 (46) 
63 =Y7N2 + ysCz + yoW, 
63 =(¥7 — Ys2B2) Na + (Ys + y7M2B2 — yop2A’)Co + (yg + yspi2A’) Wo. 
Moreover, if the vector products, determinants and norms are taken, we obtain: 
1. ot —H2(—A' (yo + ys)No + (Boy + A’y7)C2 + (A'y7 — Boys)W2) 
53 A 63 . 
v2 (47) 
det(, 54, 3f") = #2 ( (A’y7 — Boys) (Yo + ysH24") — A'(ys + ys) (¥7 — YsH2B2) ) 
SSS V/2\ +(Bays + A'yz7) (yg + ¥7H2B2 — yore’) : 
and 
ls = 25/63 +202, 
(48) 


\|55 A 63]| =o + A’yg)” + (Bayo + A’y7)? + (A’y7 — Bays)? - 


Finally, by substituting Relations (46)—(48) into (1), we complete the proof. 


Theorem 20. Let x5, and T5, be the curvature and the torsion functions for the C2 W2 Smarandache 
curve, respectively. Then, we have the following relations among the curvatures: 


2y/(a'ys + A’yg)” + (Bays + A'y7)” + (A'y7 — Boys)” 
Kj, = 


; 13 (63 +207) \/p3 +20? 


2( (A'y7 — Bays) (Yo + ys24') — A'(ys + ys) (¥7 — YaH2B2) ) 
+(Boys + A’y7) (Ye + Y7H2B2 — you2A’) 


y2((A’ys + A’yg) + (Boy9 + A’yz7)* + (A’y7 — Boys)” ) 


Proof. By using (47) and (48) and substituting them into (2), we complete the proof. 


Remark 9. The alternative frame for the C2W2 Smarandache curve 63 is established by the following 
equations: 


No, = No, Cs, = — cos Ags, + sin A3B53, Ws, = sin A3T;5, + cos A3B53, 


3 


where Az = £(B5,,W5,), cos A3 = ns and sin A3 = oe ey 
Vt, V+, 

Definition 10. The N2C.W2 Smarandache curve of the alternative C-pedal curve whose posi- 

tion vector is the linear combination of the vectors Nz, C2 and Wp is defined by the following 

parametrization: 

_ No + Co + Wp 


ae 7a 


(49) 
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Theorem 21. Let {N5,, C5,, Wo5,} denote the alternative frame for the NxC2W2 Smarandache 
curve. Then, we have the following relations among the Frenet vectors: 


Ts, = BoNo+(B2—A')Co +A’ Wy 
Vay} Poa +a? 
N5, = By, A T5,, 
Bs, = (ya A! —y12 (B2—A‘)) No +(y10A! +9122) C2 (Yi B2+¥10(B2—A")) We 
Vnd!—y12(B2—4'))? + (108! +1282)? + (V1 Bo-+¥10(B2—A’))? 


+ 1581 (Br — a (141 (Bi — 2°) — 13 (BE + (21')” 
where yi9 = (#11) ‘ees ) im = 1\P1 gc 1 1 ) 
_ (wd)! + pia! (Bi — 0’) 
a V3 


Proof. If Relation (36) is taken into account, and the required derivatives for the N2C2.W2 
curve given in (49) are taken, we have 


H2(—B2No + (B2 — A")C2 + A’ Wp) 
V3 y 


“= 


50 
64 = Y1oN2 + y11C2 + y12W2, (50) 
64 = (Y10 — Yr12B2)No + (Yr + Y10P2B2 — Y12H24') Co + (Y12 + Yr1l2 A") Wo. 
Moreover, if the vector products, determinants and norms are taken, we obtain: 
( —(y11A’ — y12(B2 — A’)) No + (y10A’ + y12B2)C2 ) 
SAS = —(y11B2 + Y10(B2 — A’))Wo 
4 /\ 04 J ; 
; ; (51) 
tts cae 908 — (yA! — y12(Bo — A") (Y10 — Yui ¥2B2) 
det (54,54, 64’) —“B +(y19A' + y12B2)(Y11 + Yiof2B2 — Yi2p2A') |, 
—(y¥11B2 + Y10(B2 — A’)) (Y12 + Y11 2A") 
and 
ye | 
I] = 83 — Baa’ +0”, 
(52) 


Il, A 04 | = Buna’ yi2(B2 — A)? + (yio! + y12B2)" + (yi Bo + y10(B2 — 41)? 


Finally, by substituting Relations (50)—(52) into (1), we complete the proof. 


Theorem 22. Let x5, and T;, be the curvature and the torsion functions for the NyC2W2 Smaran- 
dache curve, respectively. Then, we have the following relations among the curvatures: 


By Va’ yi2(Bo — A'))” + (yioA" + yr2B2)” + (yi B2 + Y10(B2 — A’)? 
Kb, 4 
13(63 — Bod’ + 4") /B3 — Bad! +a” 
(yA! — Yio (B2 — A’))(Y10 — Yr #282) 
v3 


, 


+(y104' + y12B2) (Yr + YioH#2B2 — Y12}24") 
(y11B2 + Y10(B2 — A’)) (y12 + yr #24’) 


ya( und! y12(B2 — 4'))? + (yroA! + y12B2)° + (yr B2 + y10(B2 A'))?) 


TS, 4 


Proof. By using (51) and (52) and substituting them into (2), we complete the proof. 
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Remark 10. The alternative frame for the NoC2W2 Smarandache curve 64 is established by the 
following equations: 


No, = Noy, Cs, = — cos A4T5, + sin A4B,,, Ws, = sin A4T5, + cos A4B5,, 


4 


where Ay = £(Bos,,Wo,), cos Ay = 4 __ and sin A, = v4 


[x2 472” fig 
Ks +T; Ke +T¢s 
bg | 4 bg | 4 


By using Example 1, Smarandache curves of the alternative C-pedal curve according 
to the point P(1,1,1) are illustrated in Figure 5. 


Figure 5. Smarandache curves (black) of the alternative C-pedal curve (red) of the curve ¢(t) (blue) 
according to the fixed point P(1,1,1) where t € [—0.5,0.5]. (a) NoC2 Smarandache curve; (b) N2W2 
Smarandache curve; (c) C2W 2 Smarandache curve; (d) NoC2W 2 Smarandache curve. 


4. The Alternative W-Pedal Curve and Its Smarandache Curves 


We deal with the last vector W of alternative frame to define the alternative W-pedal 
curve in this section and determine the Frenet apparatus of this curve. Similarly, the 
relations among the alternative frame vectors of both the main curve and the alternative W- 
pedal curve are computed, and the Smarandache curves of the alternative W-pedal curve 
are defined. The invariants of each Smarandache curve are expressed by the invariants of 
the alternative W-pedal curve. Example 1 is applied to the alternative W-pedal curve and 
each curve is illustrated. 


Definition 11. Let « : 1 C R + R® be a regular curve in E? and {N, C, W} denote the set of its 
alternative frame vectors. Then, the locus of the perpendicular projection points of a fixed point P 
that is not on « onto the alternative frame vector W is called the alternative W-pedal curve for « 
according to P (Figure 6). 
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aw(t) 


Figure 6. The alternative W-pedal curve (red) of the curve a(t) (blue) according to a fixed point P. 


Theorem 23. The equation of the alternative W-pedal curve of the curve « is given as follows: 


a(t) + (P —«(t), W(t)) W(t). (53) 


—> 
Proof. Let P’ be the perpendicular projection point onto the vector W from the fixed point 
P that is not on the curve «. By using the definition of vector projections, we compute the 


perpendicular projection vector denoted by «P’ as follows: 


=y_ (abit 


-~ 
Ps (WW) 


Thus, with the motion of the frame vectors along the curve, the geometric location of point 
P’ constructs a new curve that is called the alternative W-pedal curve and denoted by 


ay (t). Accordingly, we have the following equations: 


=> P!=a(t)+ (ab, WW 


=> ay/(t) = a(t) + (P— a(t), W(t) WE), 


by which the proof is completed. 
If (P — a(t), W(t)) = c(t), then Relation (53) can be expressed as follows: 
aw (t) = a(t) + ¢(t) W(t). (54) 


Theorem 24. Let ww be the alternative W-pedal curve of a unit speed curve x, and {T3, N3, B3} 
denote the Frenet vectors of the alternative W-pedal curve. Then, we have the following relations: 


T3 = — w3¢BN + w3(¢' — vcos p)C + w3(v¢g' + vsing)W, 

N3 =B3 A T3, 

B3 =N3(z3(c¢’ — veos g) — z2(v¢g' + vsing)) N + y2(z3¢B +21 (vg! +vsing))C 
— 193 (22¢B + 21(¢' — vcos g)) W, 


where 
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“= — B(¢ +06" — v*cos 9), 2) = ¢' — vcos p — cup’ — vg" (cg + sing), 


z3 =v (c’ — vcos g) +0(¢g' +sing), 
1 


“ 2 2 : 2 
V (cB) +(c’ —vcos¢)* + (vcg’ + vsin 9) 
1 


y 


43 = 
(za(c' — veos g) — za(vcg" + vsin y)) + (2368 + z1 (vc! + vsin g)) 
+ (zo¢B + 21(¢! — vcos @)) 


Proof. By considering the relations in (5), we have the derivatives up to the third degree 
for Relation (54) as follows: 
aw =—¢BN + (c' — vcos@)C + (vcg’ + vsin g) W, 
(55) 


aw =ZyN +22C +23W, 


aw =(Z — 022B)N + (2) + 2108 — z309')C + (23 + z209')W, 


Further, if we perform the required vector product operations and take the norms, the 
following relations are obtained. 

aw \ aw =(z3(¢' — vcos g) — z2(vcg’ +vsing))N 
+ (2368 + z1(v¢g’ + vsin g))C 


(z2¢B + z1(¢’ — vcos g))W, (56) 
w) =(2z3(c' — vcos @) — z2(vc¢g' + vsin g)) (z4 — 0226) 


det (aw, ayy, aw 
+ (z3¢B + 21(v¢g' + vsin ¢)) (zy + 2108 — 2309") 
(zo¢B + 21(¢' — vcos g)) (23 +2209"), 
||| =\/ (66)? + (c! — veos )” + (veg! + using)’, 
(57) 


* + (z3¢B + 21 (ogg! + vsin @)) 


+ (z2¢B + 21(c’ — vc0s #)) 
If Equations (55)-(57) are substituted in (1), the proof is completed. 


lat A ov -| (z3(¢' — vcos g) — z2(v¢g! + vsin )) 


Theorem 25. Let wy be the alternative W-pedal curve of the unit speed curve x, and x3 and 73 
denote its curvature and torsion functions, respectively. Then, we have the following relations 


among the curvatures. 


(z3(¢' — vcos p) — za(ocg + vsin g))” + (2368 + 21(2¢@" + vsin 9)) 
+ (2268 + 21 (¢' — Vos g)) 


kK3 = 


((c6)° + (c! — vcos og) + (v¢g' + usin 9)) 2 


(23(¢’ — vcos p) — 22(v¢g' + vsing))(z4, — 2228) 
+(z3cB + z1(ucg’ + vsin g)) (Zz) + 2108 — 2309") 
—(Z2¢B + 21(¢' — vcos g))(z5 + 2209") (¥3 + y20g") 


B= 
(z3(c’ — vcos ) — zoluc@ + vsin 9)) + (z3¢B + z1(vcg’ + vsin )) 
+ (2268 + 21(¢’ — cos ¢)) 


Proof. We substitute the relations given in (56) and (57) in (2) and complete the proof. O 
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Remark 11. The alternative frame for the alternative W-pedal curve xy is established by the 
following equations: 


N3 = Nz, C3 = — cos pT3 + sin WBs, W. = sin pT3 + cos pB3, (58) 


T3 
Fj 
Tara 3 + 3 


Corollary 3. The alternative frame formulae for the alternative W-pedal curve is given as follows: 


where p = £(B3,W3), cosp = , and siny = 


N3 = 1363C3, C3 = —p3B3N3 + p3'W3, Ws! = —p3p'C, (59) 


3 BG = 2, 72 
=) gt)» mia 


Definition 12. The N3C3 Smarandache curve of the alternative W-pedal curve whose position vector 
is the linear combination of the two vectors N3 and C3 is defined by the following parametrization: 


where 13 = 


N3 + C3 
a : 


Theorem 26. Let {Nz,, Cz,, Wz, } denote the alternative frame for the N3C3 Smarandache curve. 
Then, we have the following relations among the Frenet vectors: 


a= 


(60) 


V2(—B3N3 + B3C3 + /W3) 
263+? yl? : 
Ne, =Bzg, \ Tz, 
ee (Z6B3 — Z5')N3 + (2683 + Zap’ )C3 — (243 + 2583) W. 
(obs — 259’)? + (z6B3 + zap")? + (zaB3 + 2583)” 


Tz, = 


1 


! 2( Q2 12 
(uss)! + 1383 a (u3Bs)' — 13(B3 +9") — (u3ip')' + 13 Bay" 
v2 V2 V2 
Proof. If Relation (59) is taken into account, and the required derivatives for the N3C3 
curve given in (60) are taken, we have 


where Z4 = 


et —3B3N2 + u3B3C2 + p3A’W2 
1 J/2 f: 
1 =2z4N3 + 25C3 + 26W3, 


Wy 


1 =(24 — 25383) N3 + (25 + za3B3 — Zeus’) C3 + (26 + z5u3") W3. 


(61) 


Moreover, if the vector products, determinants and norms are taken, we obtain: 


Cr AST = 25 ((26B3 — 25") Ng + (2683 + 24’ )C3 — Ba (za + 25)Ws), 
. ( 24> 25#3Bs) ZoBs — 25") (62) 
det(o,07,01') = | +(25 + z4M3Bs — zona") (Z6Bs + zay') 
B3(z4 + 25) (26 + 2539") 


and 
|| = 48 15 /2p3 + y?, 
er Ace |- = & (z6B3 — zs") + (zoB3 + za")? + (z4B3 +2583). 
Finally, by substituting ae (61)-(63) into (1), we complete the proof. 


(63) 
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Theorem 27. Let xz, and Tz, be the curvature and the torsion functions for the N3C3 Smarandache 
curve, respectively. Then, we have the following relations among the curvatures: 


24] (oBs — 250")? + (ZoBs + 24")? + (4B + 258s)” 


K. 1 7 
13 (283 + w) 9/283 + 9? 
V2 ( (24, — 2511383) (zoB3 — 25’) + (25 + 2433 — Zop34") (2663 + Za’) ) 
B3(Za + 25) (Ze + Z5p39’) 
13( (268s zs’) + (z6B3 + zap’)” + (z4B3 4 zsB3)°) 


Proof. By using (62) and (63) and substituting them into (2), we complete the proof. 


Remark 12. The alternative frame for the N3C3 Smarandache curve ¢, is established by the 
following equations: 


Ne, = Ne, Ce, = — cos AiTe, + sin Ay Bz, We, = sin AiTe, + COs AyBz,, 


Si ea 

2 27 2 2° 
V%, 1 Te is, + %, 
Definition 13. The N3W3 Smarandache curve of the alternative W-pedal curve whose position vector 
is the linear combination of the two vectors N3 and W3 is defined by the following parametrization: 


where Ay = £(Bz,,We,), cosAy = and sin Ay = 


ya mals) 
a 


Theorem 28. Let {Nz,, Cz,, We, } denote the alternative frame for the N3W3 Smarandache curve. 
Then, we have the following relations among the Frenet vectors: 


62 (64) 


—B3N3 + p'W3 Bs, = p'N3 + B3W3_ 
fer +ps fp? + BB 


Proof. If Relation (59) is taken into account, and the required derivatives for the N3W3 
curve given in (64) are taken, we have 


é, _ ¥3(B3 = p')C3 


Tz, = Co, Ne, = 


pr , 
lt = —13B3(B3 — ¥")N3 + (H3(B3 — ’)) C3 + p3y" (Bs — y!) Ws 
2 V2 , 
—((1383(B3 — p’))' + 1383 ((H3B3 — ysi’))’) N3 (65) 
+(((#3B3 — Hs¥’))” — 13 (83 “te y”) (B3 — y))Cs 
1 + (es (H3(Bs — ¥"))! + (13 9(Bs — ¥'))") Ws 
7) ei 
Moreover, if the vector products, determinants and norms are taken, we obtain: 
ene _ 189 (Bs — Ng : 1383(B3 — yy Ws 
(66) 


_ 78 (B3 — ¥')° (Bap — #'BS) 


det a us Wi _ 
et (C5,03, 69’) 2/2 
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and (Bs — ¥") 
#3\P3 
a RB, 7 
_ aph)24,3 12 2 
Hes, ney] <2 oN s oa 


Finally, by substituting Relations (65)—(67) into (1), we complete the proof. 


Theorem 29. Let xz, and Tz, be the curvature and the torsion functions for the N3W3 Smarandache 
curve, respectively. Then, we have the following relations among the curvatures: 


_ vaya? +65 V2 Ba" — ws) 


o—Ar . ya(Bs — ¥")(w? + B3) 


Proof. By using (66) and (67) and substituting them into (2), we complete the proof. 


Remark 13. The alternative frame for the N3W3 Smarandache curve ¢2 is established by the 
following equations: 


Ng, = Ne, Ce 


2 


= — cos AoTz, + sin A2Bz,, We, = sin AoTe, + cos A2Bz,, 


Ty 
’ a 
Tad C2 + re 3, a en 
Definition 14. The C3W3 Smarandache curve of the alternative W-pedal curve whose position vector 
is the linear combination of the two vectors C3 and W3 is defined by the following parametrization: 


where Az = £(Bz,,Wz,), cos Az = and sin Ay = 


C3 + W3 


Theorem 30. Let {Nz,, Cz,, We,} denote the alternative frame for the C3W3 Smarandache curve. 
Then, we have the following relations among the Frenet vectors: 


3 = (68) 


T., —_B3N3 = ¥'Cs + p's 
63 , 
Ba + 2p" 
Ne, =Be, \ Te, 
—(w'z9 + p'zg)N3 + (B3z9 + W'27)C3 + (p27 — B3zg)W3 
V ("25 t 'z9)” + (Bsz0 + w'z7)” + (W'z7 — Baze)” 


yt 2( 22 y2 2 
130'Bo— (wos)! s+ B(B +9") Gap) — 180% 
v2 ; v2 ‘ V2 
Proof. If Relation (59) is taken into account, and the required derivatives for the C3W3 
curve given in (68) are taken, we have 


where Z7 = 


et = —13B3N3 — p3p'C3 + pap'W3 
3 V3 : 

G3 =Z7N3 + zgC3 + z9W3, 

G3’ =(z7 — zgusB3) N3 + (zg + 271383 — zopsy’)C3 + (zg + zepayp’) W: 


(69) 
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Moreover, if the vector products, determinants and norms are taken, we obtain: 


ene _ p3(—" (zo +28) N3 + (B3z9 + W'z7)C3 + ('z7 — B3zg)W3) 
3 3 /2 , (70) 
det (2, 2,24") = HS. & ({p'z7 — B3Zg) (Zo + 23M") — (Zo + 28) (27 — Z8¥3B3) ) 
V2\ +(B3z0 + p'z7) (zg + 27383 — Zona") ‘ 
and 
[esl = ZV +207, 
(71) 


IIs || ea (B3z9 + Y'z7)° + ('z7 — Bsze)” 


Finally, by substituting Relations (69)-(71) into (1), we complete the proof. 


Theorem 31. Let xz, and Tz, be the curvature and the torsion functions for the C3W3 Smarandache 
curve, respectively. Then, we have the following relations among the curvatures: 


2y/(yi2s + 'zg)” + (B3z0 + W'z7)> + (p’z7 — Baz)" 


K 3 = , 
; 3 (B3 + 2y’?) \/B3 +2? 
v2( (W’'z7 — B3Zg)(Z4 + Zg¥3A") — W! (zo + 2g) (Z7 — 2833) ) 
+(B3z9 + 'z7)(Zg + 27383 — Zopusy’) 


ya ((p"z9 + p’zg)> + (B3z0 + p'z7)> + (p!z7 Bszs)’) 


T@3 = 


Proof. By using (70) and (71) and substituting them into (2), we complete the proof. 


Remark 14. The alternative frame for the C3W3 Smarandache curve ¢3 is established by the 
following equations: 


Ng, = Ne,, Ce 


3 


= — cos Ag3Tz, + sinA3Bz,, We, = sin A3Tz, + cos A3Bz,, 


3 
’ Fan 
Ft 3 + re J% 7 Te 
Definition 15. The N3C3W3 Smarandache curve of the alternative W-pedal curve whose posi- 


tion vector is the linear combination of the vectors N3, C3 and W3 is defined by the following 
parametrization: 


where A3 = £(Bz,,Wz,), cos A3 = and sin A3 = 


N3 + C3 + W3 
5 : 


Theorem 32. Let {Nz,, Cz,, We, } denote the alternative frame for the N3C3W3 Smarandache 
curve. Then, we have the following relations among the Frenet vectors: 


Te, = PaNa + (Bs — w')Ca + o'Ws | 
V24/ 83 — Bap! +p 
Ne, =Bz, \ Tz,, 
ia (zi — Z12(B3 — p"))N3 + (Z10" + 21283)C3 — (21183 + 210(B3 — y'))Wa 
Venu’ — Z12(B3 — p’))” + (210! + 21283) + (Z11B3 + 210(B3 — 9")? 


C4 = 


(72) 
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4 y2Ba( Bo — (us(Bs — ¥"))' — 13 (63 + y 
thee 2 ib! BBW), lh oe ) 
— (u3")’ + 13 (Bs — ¥") 
12 V3 : 


Proof. If Relation (59) is taken into account, and the required derivatives for the N3C3W3 
curve given in (72) are taken, we have 


e! _ 13(—B3N3 + (B3 — o’)C3 + y'Ws) 
4 V3 ¥ 
C4 =Z19N3 + 211C3 + 212Ws, 
C4’ =(Z10 — 211383) N3 + (Z11 + 2104383 — Z12¢3h") C3 + (Z12 + 2113") Ws. 


(73) 


Moreover, if the vector products, determinants and norms are taken, we obtain: 


( —(z11" — Z12(B2 — oe + (z10’ + 212B3)C3 ) 
— (21183 + 210(B3 — ¥’))W. 


tiAt = ; 
; ve (74) 
3 —(Z11" — Z12(B3 — ¥")) (210 — 2114383) 
det (24, 64, 24") “FB +(Z10" + 21283) (Z11 + Z10#3B3 — 212434") 
(21183 + Z10(B3 — ¥”)) (Z12 + Z11 439") 


and 


' an eae 
Neil) E268 = paw + 9, 
]o4.0 e4|| =F eny 212(B2 — #"))” + (Zio! + 21283)” + (21183 + Z10(B3 — W’))*. 


(75) 


Finally, by substituting Relations (73)-(75) into (1), we complete the proof. 


Theorem 33. Let xz, and Tz, be the curvature and the torsion functions for the N3C3W3 Smaran- 
dache curve, respectively. Then, we have the following relations among the curvatures: 


3/2 Veuy" 212 (Bo — #"))” + (Z10" + 21283) + (11 B3 + 210(B3 — ¥"))° 


Ke, = , 
13 (63 — Baw! + w’?) \/B3 — Bay’ + 
v3( (z11! — 212(B3 — $")) (210 — 211383) + (Zio! + 21283) (211 + Z103B3 — Z12¥3 4") ) 
(2113 + Z10(B3 — $”)) (Z12 + Z11¥3") 


s( (ny 212(B2 — #"))? + (zioyp" + 212B3)° + (z11B3 + 210(Bs y))) 


Tey = 


Proof. By using (74) and (75) and substituting them into (2), we complete the proof. 


Remark 15. The alternative frame for the N3C3W3 Smarandache curve C, is established by the 
following equations: 


Ne, = Ney Ce 


4 


= — cos AaTe, + sin A4Bz,, We, = sin AgTz, + cos A4Bz,, 


Ta 
¥ 2 5 . 
Fat 64 + +a V3, + Tey 
By using Example 1, Smarandache curves of the alternative W-pedal curve according 
to the point P(1,1,1) are illustrated in Figure 7. 


where Ag = £(Be,,We,), cosAg = and sin Ay, = 
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(c) (d) 


Figure 7. Smarandache curves (black) of the alternative W-pedal curve (red) of the curve ¢(f) (blue) 
according to the fixed point P(1,1,1) where t € [—0.5,0.5]. (a) N3C3 Smarandache curve; (b) N3W3 
Smarandache curve; (c) C3W3 Smarandache curve; (d) N3C3W3 Smarandache curve. 


5. Conclusions 


The theory of curves is the most fundamental concept in differential geometry. There- 
fore, generating new curves is important as well as providing their characteristics mostly 
by moving frames along the curve and by its invariant curvatures. Pedal curves and 
Smarandache curves are two ways of defining new curves. In this study, we defined 
pedal-type curves by using the moving alternative frame vectors along the curve. Second, 
we established the relations among the alternative frame apparatus for the main curve and 
its pedal curve. Next, we introduced the Smarandache curves of the new pedal curves. 
Thus, we examined twelve new curves for one fixed point. A set of new curves could be 
investigated to expand the literature on the theory of curves by having different points 
and more curves added to the field. Finally, since symmetry as a concept is more relevant 
for real-world applications, with this paper, it is believed that the obtained formulas and 
definitions for the new curves can be useful for some design and modeling purposes. We 
also encourage researchers to examine possible pedal-like surfaces from this study. 
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